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Two-loop background field calculations for gauge theories
with scalar fields

Ian Jack

Department of Applied Mathematics and Theoretical Physics, University of Cambridge,
Silver Street, Cambridge CB3 9EW, England

Received 2 August 1982

Abstract. Recent calculations of the ultraviolet divergences of two-loop vacuum graphs
in the presence of an arbitrary background field for a pure gauge theory are extended to
arbitrary couplings to a scalar field on flat space.

1. Introduction

In a recent paper by Jack and Osborn (1982) the divergent behaviour of two-loop
vacuum graphs in the presence of an arbitrary background field on flat space was
analysed. Dimensional regularisation was employed and the pole terms in e =4 —d
were determined in terms of the short distance behaviour of the exact propagators
obtained using heat kernel techniques. The reader is referred to this paper, henceforth
denoted by I, for basic details of the method and notation, and a comprehensive list
of references. The procedure was there applied to the calculation of the divergences
of the two-loop vacuum functional for a pure non-abelian gauge theory. In the present
paper we extend this calculation to the case of a general gauge theory containing both
vector and scalar fields. We reproduce the results of van Damme (1982) who adopted
the method of 't Hooft (1973) (which at least to one-loop level is formally similar).
In § 2 we explain the general formalism appropriate to all orders in the perturbation
expansion, in § 3 we perform the one-loop renormalisation and in § 4 we calculate
the two-loop counterterms. Some useful results pertaining to the heat kernels for the
fluctuation operators involved are presented in appendix 1, while appendix 2 contains
some identities derived from the gauge invariance of the scalar potential.

2. The general formalism

We consider a semi-simple group G and a real scalar field ¢, regarded as a column

vector with components ¢,, transforming under a representation of G with generators
T., where

[T, To]=CaseTes (T) =-T, Tr(ToTy) = ~ Ras, 2.1)
with ¢ totally antisymmetric. The appropriate covariant derivative acting on ¢ is then
D,=d,+AL AL=A,.T, (2.2)
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where the gauge field belongs to the adjoint representation of G, with components
A, . and the corresponding generators ¢* in this basis satisfy

(t5% Yoe = = Cabes (2%, 157 = canet?”, Tr(t3't") = = Cas. (2.3)
The covariant derivative in the adjoint representation is

D, =08, +AL, A=A, 2, (2.4)
and the field strength then has components

Frva=0,A00—08,4A,4+CacAupAsc (2.5)

For X, Y in the adjoint representation the group invariant scalar product can be
conveniently written

XY)=X,Y.. (2.6)

In perturbative calculations, quantities are expanded systematically in # or the
number of loops, as

Q - Z Q(n)hn‘ (27)

The renormalised action which appears in the functional integral is, in d dimensions,
1

S[A, ¢] =J ddx(zgf FuZaF,,)+1(D.¢) Z,D,p + V(w)) (2.8)

where Z4, Z, are group invariant matrices acting on the adjoint representation and
on ¢ respectively. Together they and also V are regarded as expanded as in (2.7) with

Z9=1 and vO=U(p). (2.9)

The quantum fields A}, ¢° are expanded about arbitrary background fields 4,
@ as

Al=A,+gh'’Z %, o= +h'"?Z}", (2.10)
where the fluctuations v, f are integrated over in the functional integral and Z,, Z;
depend on the (essentially arbitrary) overall scale of v,,, f which will be specified later.

It is natural in the present background field calculation to combine the vector and
scalar fluctuations v,, and f into a single vector F,

F= (”;) 2.11)

with the scalar product (for flat space)
', F) = [ d(wle) +£. 2.12)

For a scalar field w in the adjoint representation of G, we also define an associated
gauge mode given by

G = ((9;’;“;;) (2.13)
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where 2, is defined in (2.4). The corresponding scalar product for the scalar fields is
(w',w)=J dix (0'w) (2.14)

so then & has an adjoint operator a* satisfying

(Gw, F) = (0, D*F) (2.15)
which requires

(G*Fla=—(D - v)a+ge Td. (2.16)

The vacuum functional W[A, ¢, K] for a source K coupled just to the quantum
fluctuations is then given by the functional integral

w o 1
e = J d[v, fIT exp(—%S(Aq, ¢ )—gSgﬁ-(K, F)) (2.17)

where S is an appropriate gauge-fixing term for the fluctuations v,, f and T’ is the
corresponding Faddeev-Popov determinant. Background field methods enjoy par-
ticular simplicity when Sy is chosen so that W is invariant under gauge transformations
on the fields A, ¢. For K =0, W is independent of the precise prescription for gauge
fixing given by the choice of Sg. In this case, if tadpole type diagrams are to give
zero contributions, A,, ¢ are constrained to each order of the loop expansion with,
to lowest order, A'”, »'@ classical solutions for which S$'© is stationary. For arbitrary
A,, o, it is, on the other hand, possible to choose K so that W gets contributions
only from one-particle-irreducible graphs. To each order Z'%,, Z\%" and V™ are
determined so as to ensure that W'™[A, ¢, K] is finite. We adopt the minimal
subtraction scheme whereby these quantities are uniquely determined by containing
just poles in €.

The natural gauge-fixing term is expressed in terms of F by

Sy =3D*F, G*F) (2.18)
so that from (2.12) and (2.15)
Sg=5(F, GG*F). (2.19)
An infinitesimal gauge transformation on A}, ¢ gives rise to the fluctuation
FP=Zz"'G%,  Zz= (Z” 0 ) $% = ( (@q“’)“q> (2.20)
0 ZzZ —-gw’p

(coinciding with (2.13) for A=0). From (2.18) and (2.20) the standard argument
leads to a ghost determinant

[ =det(@*Z'/*G). (2.21)

The choice (2.18), in conjunction with (2.21), then fixes the scale of F.
The action has an expansion expressible in terms of Fr =Z 12F as follows:

S[A%, ¢ =S[A, ¢]+(J, Fr) +3(Fr, MFR) + Si(Fg) (2.22)
where

_ T
;- ((1/g)(ZA@yFM)a ge TaZwDu‘P>’ (2.23)

-Z,D*¢ +V'(¢)
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_ ((ZAAW)ab +8°8:(Tu0) Z. T 8(—¢ TZ,Dyu + (DmTZwTa)) (2.24)
g(=2ToZ. Do —TeZoo(D.)es) -Z,D*+V'(p) ’
introducing the notation
Ay, =—6,92°+92,D,—2F%, (2.25a)
Vile)=0aV(p)/og, Vie)=0"V(e)/dp:ide, (2.25b)
Since
. o ~(2.2.)s g((Due)' T+ T.D,)
GG * =( . ) (2.26)
ch‘P(@V)cb O(¢)
where
Q@) =g Tup(Tup)" (2.27)

when we combine (2.19) and (2.24) we obtain the effective zeroth-order operator on
the quadratic fluctuations in the form

Ap =M+ Gd* = ((Al“”i“z" ;;b;;f’;b«o) _ Dzzf(UD,,“(Z))T+T“O («:)) (2.28)
with
8=08,.-2.9, (2.29a)
Poy =8*(Tap) Tho. (2.29b)

The Green functions ¢* and G* for Ar and 9*@ yield the propagators for the
vectors, scalars and Faddeev-Popov ghosts, represented in diagrams by wavy, straight

and broken lines respectively. We write ¢” as a matrix according to the decomposition
(2.11)

Givas(x,y) Gilailx,y)
oo =(pe i) (2.30)
I Gy GEy)
Since Af is symmetric this has the symmetry property ¢° (x, y) = [47( (y, x)T", so that
in particular
Grialx,y) =Gy, x). (2.31)
The ghost determinant in (2.21) may be rewritten
I'=det(@*%) exp Tr In(1 + G°E),
(2.32)

Eap =(ZXZ V= 1)@)as +8(D-0) 25+ g% T.Tof.

In perturbative calculations, when W is given by the sum of connected vacuum
graphs, in our formalism it is necessary to include Feynman diagrams with mixed
vector-scalar lines, in addition to the usual vector and scalar lines, represented by the
elements of 4" in (2.30), and also ghost lines given by G ® resulting from the expansion
of In(1+G2E) in (2.32).
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3. One-loop renormalisation

In this section we briefly recapitulate the one-loop perturbative evaluation of the
vacuum functional and derive Z; and Z, to one-loop order. We shall set #=1.
The zero-loop vacuum functional is simply the classical action,

wP=-859A4, ] (3.1)
For the one-loop contribution we take K =J © and the result is then
WA, o= -SV[A, ¢]—1n(det Ar/det Ag,) +In(det $*F/det (F*D)o) (3.2)

where Ao = limj .o A. We assume that the ratios of determinants in (3.2) are infrared
finite. For evaluating the ultraviolet divergent behaviour of the determinant of an
elliptic differential operator on flat space of the form

A, =—-1D*+Y(x), D, =8, +X,x), (3.3)

where X, and Y are general matrices, the heat kernel method expounded in I leads
to the following prescription:

(~In(det A/det Ag))™ = (1677€) ™" J d% Tr(c®—c™), (3.4a)
c*=(6,,G. + YD, (3.4b)
G, =8.X, -0.X. +[X., X, (3.4¢)

Of course this gives rise to precisely the same counter-Lagrangian as obtained by
't Hooft (1973).

For the two operators with which we are concerned here, Ag and EZ*QZ, we have

A¥ 0
X5=(o“ Aw)’ X5 =AY (3.5)
(=2F% +8,P@)a 28Due)'T,
YF=( we FOu u ) Y*=Po) (3.6
“2%TDe  U'e)+Ql) (). (3.6)

Substituting these quantities in turn into (3.4), and using (2.1), (2.3) and (A2.3), we
find for the pole contribution in (3.2) from the one-loop vacuum graphs

(16m% )" J dx{FCuF o F . — RaF o F s
+4g°¢ T’ D% +3 Tt[P(¢)1+1 Tr[U"(¢)'1-8*U'(¢) T} (3.7)

which may be cancelled by taking in S'"'[A4, ¢]

z3 =1/e)g*/167)EC -3R), (3.8a)
Z} =~(1/e)(g*/16m")8T (3.8)
VPe) = (1/e)1/167)ETHU (¢))]- g*U'(e) T?e +3THP(e )]} (3.8¢)

Manifestly only if U(¢) is a general quartic gauge-invariant polynomial in ¢ can
V¥(p) be absorbed in a redefinition of coupling constant in V(¢). The two-loop
calculations in the next section also determine the one-loop contributions in Z,, Z.
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These can be determined more simply and independently by requiring that

Fon=[ays Lo, L=(%), (3.9)

is finite, where L represents the F to vacuum amplitude. Our choice of K =J ©
ensures that L'” =0 and L'V is given by the one-loop graphs of figures 1, 2. To
calculate these we need Si°:

i = J‘ d°x{g (@avs[ve, v5)) +48* (Ve Va1V, V&)

+gE ) (Duf +gvie +3gvf) + (1/3VUififife + 1/ 4VU Gufififefi}-

(3.10)
40O A4
Figure 1. Contributions to A}".
M/{::‘::é fwv MM( ) ’\N\AQ AMAAX
Figure 2. Contributions to t‘,f)a
We then obtain
BV = g (TuTop) (G haas = G )aing + 8[Ta(2DuG f + G {D Jauag)i = TU 15G ik ng
- v ¢)+[<Z”22 YD) -1z} )T U, (3.11)

(l)

=g Tr(t3HD.Gh + DG o —2D.G he — 2,.G %} aiag) +8 TH(TaD G i)
+g%GE T Thlo —(1/)(ZYZ4) Y D.F, e
+207((Z)*T)aZ,) "D . (3.12)

In (3.10) and (3.11) we have used the notation that for a quantity H (x, y), such
as formed by the Green functions with various covariant derivatives acting on them,
Hyiag(x) = H(x, x). With dimensional regularisation Hg.z(x) is well defined albeit
containing, in general, poles in €.

Using (A1.3a, b) and also (A2.8), we find that the finiteness of L'’ is ensured by
taking

(Z}?) V= (1/e)2g*/167*)T?, (3.13)
(Z/*)"=~(1/e)(2g%/167*)C. (3.14)

4. The two-loop calculation

In this section we calculate the divergent part of the two-loop vacuum functional,
which arises from the one-particle-irreducible diagrams shown in figure 3. The analysis
of the divergences of the two-loop vacuum graphs depends on the detailed knowledge
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Figure 3. Two-loop 1PI graphs.

of the short distance behaviour of the propagators in the presence of the background
fields in d dimensions described in I, briefly re-presented here in appendix 1. In the
followjng discussion we make heavy use of the symmetry (2.31) to simplify the
expressions involved.

There are two main classes of two-loop one-particle-irreducible vacuum diagrams.
The first class are those in figures 3(q, b, ¢, d) which arise from a single quartic
interaction, as contained in S\”, equation (3.10), and involve, for the two closed lines,
propagators without derivatives, with coincident space arguments. For the four-gluon
vertex the full expression was given in I, while for the additional diagrams resulting
from the two-scalar, two-gluon vertex 3(b, ¢) and four-scalar vertex 3(d) the complete
expressions, suppressing spatial arguments, are

Wik(A, o1 =36* [ A% THT.G T,)G s (4.1)
WA, o1 =be? [ ¢ (G T L,GL, - MT.GLITT,GL, + (TGL) TG L))

(4.2)
WA, ol =} [ dXURGEGE (4.3)

The pole parts, easily obtained from (Al.3a), are

WA, ¢l
6g2 7 ad ad
= (16 Mg 2 2 ) jdx[(FuVC Fuv) 2(1 EE)Tr(taPtaP)]
3

-1 65 = J' d“X[Tr(CFH oy, )+ Tr(ta P H L, )], (4.4)
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(121’)1 [A, (4 ]pOle

2
- (Tz%%_)i J 4% [(~g?Puse ToT, T + Tr(CP?) + Tr(rPrP)

2
+P, THUT,T,)]+ 16g -

I d*[~4P,, Tr(T.T,H &ag)

+ gz(PTTaTsz(pra.abdiag Tr(t:.dPtadHf:“dmg ) Tr(CPHfadiai )]’ (4'5)
_ 8"
(167%¢)*
g3

87

WA, o1

WA, ¢ 2 = jddx[2¢TT2T2D2<p F1Cue T ToD 0]

[ 444D T T+ Car Do " TH s, (46)

11
T2 (167m%)?
+g UN(T*T?0) + g% T U"T?0 - 280 " T.T,U" Ty Tae

j Q[ U LU LU e~ 282U U it (Tag (T

4.7
+28° Ul (Ta)i(Ta0);(T?¢ )]
+l

2 167

after using (A2.9) to simplify the expression for 3(d).

The remaining class of 1P1 graphs involves two trilinear interactions from S; ©
the ghost interaction, E in (2.32), linked by a product of three propagators G{x, y ).
The interaction may have dimension four with derivatives, or dimension three. In
the general expressions corresponding to figures 3(e—t), spatial arguments are again
suppressed; in this case the forms have been arranged so that any functions or
derivatives on the right of one of the G’s implicitly depend on y, on the left on «x.
The pole contributions can be found using the methods of I for such products of
Green functions. It is useful here to note that the off-diagonal components Gua,,
Gt in (2.30) corresponding to mixed vector-scalar lines do not have the leading
short-distance singularity as x »y. These vacuum graphs produce both local pole
terms arising from the leading short-distance singular behaviour of all three propa-
gators, and non-local terms from the short distance behaviour of two propagators in
conjunction with the part of the third regular in the short distance limit. (From (A1.1)
there is a well defined decomposition into regular and singular parts.) Products of
propagators where the leading short-distance singularity is (x —y) ™™™ (in four
dimensions), N =0, with dimensional regularisation produce poles in ¢ multiplied by
8 functions of x —y, with up to N derivatives. The resulting pole terms for W then
involve single x integrals.

Except for the cases where the full expression was given in I, we give below the
complete amplitude for each diagram and then the resulting pole terms obtained using
the analysis of I, in conjunction with (A1.2). The details are straightforward although
sometimes a little tedious.

The most singular graphs are those with two dimension-four vertices shown in
figures 3(e, f, g), for which N, mentioned above, takes the value 4. For 3(e, f), the

J’ddx[U i+ 82 (T@)i(Ta@) WU i H £y
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full contributions were given in I and now give rise to pole terms

(12;’)1[/4 KP]pme
=g*(167%)? I dx[(6 -3¢ )(F..C*F..)+%(1 —3¢) Tr(CP?

+38%(1 —156)Care " T ToD %0 —3(12 — &) Tr (3 Py’ P)]

2

g
3202

+9 Tr(d Pt HE, )b (4.8)

j d%{THC (- 2D %85, + 29,9, — 3Fpa)H s, ]

2
Wi[A, 0 = 2 [ dxldhe (FLC7F) -3 Tr(CPY)

+3(1+3£)8°Care " T.ToD %@ +2(1 +3¢) Tr(r2Pra'P))

£
+-£ 5 Id"x{Tr[(—%@zaga—%@B@ ~3F ) H g,
327 ¢
~Tr(ta Pt H L) + 2Tr (D H g ) 1) (4.9)

The amplitude for 3(g) is

WielA, ¢l =3¢ j d’x d%y GLa{THTa(G™D,) T, (D.GT)']

~Tt[T.(D,.G"D,)T,(G")"}} (4.10)

and in the course of extracting the pole terms from (4.9) we need to adapt some
results from (A7) in I in the light of the easily proved identities

(FaF)a TH(T,T,) = (F,RCF,,), (4.10a)
(F2%)as TO(F$,T,T,) = —5(F,,RCF,,), (4.100)
Tr(FS,T.F:,T,)=Te(T*FS,FL,)—3(F, ,RCF,,), (4.10c)

obtaining
WA, o1

1 g2 J d 2 20 e s

= -3 v +_ ' my
2 16n Iy d°x{—3¢ To(T°F{,F{,)+12¢ (F..RCF,,)
20 +e)Tr(U"TU"T,) - 28 " T.T,U" T, Ta0)
+5(=17+¢) Tr(CP?) — 9 Tr(t2Pr2®P) — 4[Tr(U"*T?) - 2g*U(T?*T?¢ )]
+(14+¢)g°Paveo T T, T2 — 16820 T*T*D?¢
—(10+¢)Py, Te(U"T,T,) = Tr(RP?)
—(1+36)8°Rapp " T.T,D*¢ —4(1 +3¢)g°Cope " T. T, D¢}

2

g
+
167

J ddx[2 Te(T Dszlag) ¢ Tr(R ABGHQBdug)
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+THU"TaTo)H faabans — 8¢ TaToT0H Govap oy + T3 Pt H ey,
+Tr(CPH fuy) + THTU " ToH Giag ) — 870 T TaToH G0y To Tugp
+Pab Tr(TaTbHdiag )] (411)

The next three diagrams, in figures 3(h, i, /), contain two dimension-three vertices
and hence the products of propagators are two orders less singular than 3(e, f, g), and
thus N =2 here. The full amplitudes are

WA, o]h = 1g* jd"x 4 (GE adGErpe + G aeGFon)o TV .G T a0, (4.12)
WA, o] = j d dy UlhGEGEGEU s (4.13)

WikA, 0} =-lg* [ d% ¢ (0 T.L.G T, )G LG, (4.14)
giving rise to pole terms

lPI [A, <P]p°le
2

- u—éiT)z I d*x[(4 + £ )(~4g°Pa TT.T, T2 + Tr(CP?)

2% T T U Ty Tag ~ 38" Care  TaU" To) +38° ¢ Car " T oD’

2
1672
+3Cas0 TaH GiagTog) +48°0 " Ta Ty T 0H Gaabarng
-2 Tr(CPH &, ) - e3P H L L)), (4.15)
(12;)1 [A, (2 ]p°le

+2eg% T T*D 1+ -5 [ dxl4g* 20 T H Ty Tuo

= (16ﬂ2e)‘2j dx {12+ URURU ks
2TrUTH+2 Tr(U"T,U"T,))

mopym 1 worrm
+21—4€ Uiikm ifk! (Dz‘P)m(Pl}+ 6 E 2 '[ d Ux]kUl]!Hkld,“, (416)

W& (A, ¢ p"'e
2
g "
~(16ne)? J dx[(1+3e)(g%e " T.TU Ty Tog
+38°Case "TU" Typ =3 Tr(CP?) +3 Tr(t3°Pt°P)

+28° P T T,T?¢) —4eg (@ " T*T>D*p +1Copo " T.T,D%¢)]

2

g
~T6.2 Jd“‘x[gzquTaTbH‘;agTbTaqo+%g2cab¢TTaH$agTb¢

+2g%¢ T T, T?¢H?%,,., — Tr(CPH %, )] (4.17)
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where in deriving (4.16) we have made use of (A2.11) and (A2.16). We now come
to four diagrams which contain one dimension-three and one dimension-four vertex

and also one mixed vector-scalar line, and hence potentially have N = 1. The complete
contributions are as follows:

WA, ol =g’ j % dY{GE, o [~(D.GE) TG Ty, Tile
+(GL)'T.D.G Ty, T.)e), (4.18)

W(lzizl [A’ ‘P]l = g2 J. ddx ddy Cbcd(G—i,cTaTe‘P)(@uGg)baGtgiea (419)

(12P)I [A’ ‘P]m =—8 I ddx ddy Ccdc[(G'y e]GBa db + GB d]Gya eb)(@BGsu)ca
+ (@BG )c ;Gay ebeB,da ]({Taa Tb }‘P )f’ (420)

WA, qo]n-gjd“xd UlGE 1o (GFTa(GFD,) @.21)

The respective pole contributions are

1PI [A (P]po]e

1+
—(—“f—”—fd 2T T>T?D%p +1Coe T ToD’0)
(167 e)

3
+ B [ Ao T T D )i +4Cup T DuHodan (422

. 1+
WHIA, ¢]7° = 25—164—5)?"[ d’x Cuo T ToD ¢
1 g3 d T F &5
_5 16 2 J‘ d X Cabﬁo Ta (Hy.,bgag.)diag, (4.23)
WRA, o107 = WiRi[A, o127 =0. (4.24)

The final pole contributions from 1pt diagrams arise from those in figures 3(o, p)
which, with two dimension-four vertices and two mixed vector-scalar lines, have
N =0. Their amplitudes are given by

WA, elo=18 j d‘x d%y{{G1..D.T,(D.GG")" - GL .T,(D.G"D,)"IT.G%,
-[GE.D,T,(GF - GE . T,(G™D,)"1T.D.GE .}, (4.25)
W(IZP)I [A’ ‘P]p = _Zl’gz J- ddx dd)’ Cabc{Gg-y,cd[@aGgTd(égﬁy)T+ GaF,de ((@aég)aﬁy)T]

+GE Tal(GEsD) (DuGhy)aa + (DG E)aDy) GE, pa]
- (Gg,cﬁy)Td[Gi,b(@aGgy)ad + (@aG )ZG ay,bd ]} (426)
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which yield divergent terms
Win[A, 15
- AL [ (e T D% +iCus T TD)
2g°

+
1672

j A5 [(Dy @) T2 TuHE . +3Cas(Dye) TaH by ] (4.27)

and

3(1+12€)g
(167°¢)?

3 2
2 167%

WEIA, oI5 = J d% Cuwe T ToD%e

J d% CotDu¢ TaH 1 ., (4.28)

The products of propagators in the last four 1p1 two-loop diagrams, figures 3(g-t),
are less singular than (x —y)™* in four dimensions and hence give only finite contribu-
tions without any regularisation and produce no poles in ¢:

WA, 133 .= (4.29)

Finally we must include contributions from several counterterms deriving from
the one-loop renormalisation in (2.22) and (2.32), represented in figures 3(u~x). We
display the full amplitudes, which except for 3(v) have no finite part, for each type
of counterterm, and then after inserting the values of Z 4 @,z S), V(l)((p), VASR N
and (Z”2 v given in (3.8), (3.13) and (3.14), we separate the divergences into their
local and non-local pieces using the methods of I together with appendix 1.

We deal first with the terms associated with the matrix E in (2.32). These yield

WilA, ol —j' A {-Trl(Z ) (DG aing) — 820 T TuT(Z7 ) V@G, }

2 2
" o ey [ a2 ~4e) TH(CPY) - 26%Puse T T T2 + B(FLC7F )
2
T6n = Jddx[ ~TH(CD Hiiag) +8°¢ T Ty T 0H S, ] (4.31)

Next, we consider counterterms quadratic in v appearing in (2.22). The amplitude
is given by

WinlA, el = I d“){~Tr[(ZaZ.)"" (AagG o )ains)

—TrZPGL,,. 1+ ¢ TToZ Y Gl as,} (4.32)
and neglecting pieces which are regular as € - 0, this becomes

2
(2)

WA, ¢ 12 = (_16%2‘5? f dx{(—3Cas + R )~ 36 CopF o F sy +(6— 36 )P ycPye

+(6-2e)g°¢ T.TuD’¢)—4(4—¢) TrH(CP?) + 8(4 — £)g* Puse " T T, T 20}
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g’
16 :
—4g%¢ " T.T,T?oH L, }- (4.33)

J‘ dX{Tr[(=3C +4R)ApoH hgyn, 142 Tr(CPHE,,..)

The counterterms with one v, one f lead to a contribution

WA, o1, = & | d(D,0) (2.2} TG e

-0 (Z,Z} )T (D.Gra)aiag

+(ZY )Y BUDup) TaG by =@ Ta(DuGip)ains)} (4.34)
12
- _("1‘6—:5';? I d*x[3¢"T*T’D ¢ + Care ' TT:D ¢ ]
2g3

+ 1671'28 J. ddx {3[(Du¢ )TTz TaHi,adi., - (PTTZ Ta (DuHi,a )diag]

+ Cas[(Du@) TaHE ey — @ Ta (D HYE 5)aiagl} (4.35)

Finally, the counterterms quadratic in f give rise to an amplitude

WA, o1 =} [ a%(TH(2.2)D*Ghus)

=TrUZ )", Géiag - TH V" Gling 1 (4.36)
Using (A2.7), we obtain
Wik[A, 012

=(167%)? j dx[(4-e)g* TH(UTH +2(=5+¢)g* UN(T*T?¢);

—Leg? Tr(F e F.TH)+(2+e)g*Pase T T T2 0 +4(4—£)g 0 T*T? D%

—g U U (T?e)+ UGU iU ~g* Ul (T?0)i(Tag)(Tu e

+ UG UGU i + 87U U i (Tag )i (Tag)i + 28 Te(U" TLU ' T)

—6g%P,, Tr(U"T,T,) +12g% T Ty U Ty Tap +3g* CopU | (T, To):]

1
e j d%x[-2g° TH{T’D’H g 1438 U i3 (T W H £,

=3’ To(U{T?, HSae ) - 3U U fuH 1y, —3U U H £y,

+ 3gZPab Tr(TaTng;ag) - 684(1’ TaTbHdiagTbTa‘P

~38*Corp " TaH Giag T ]. (4.37)

On adding (4.4), (4.5), (4.6), (4.7), (4.8), (4.9), (4.11), (4.15)-(4.17), (4.22), (4.23),
(4.27), (4.28), (4.31), (4.33), (4.35) and (4.37), we obtain the total divergent contribu-
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tion to the two-loop vacuum potential

lPI [A <P]5cilf..+x

1
- Teon jd < [g[e (F,.C?F,,) — ¢ (F.,RCF..,) e Tr(T?F2,F2,)]
149

+2'l(-11+586)Ca +(-13€)RuJe " T.TD ¢

~(10+3e)ge TT’T? D% + g* (-2 +26)U (T?*T?p);
+8*G—~4e)CapU} (TuTop) — Feg” Tr(t2'Pri'P)

+g> Tr{{(-11+%0e)C + G- %) RIP}+ 3¢ T?U'T?p
+84(15 =5 )P T.T,T?¢ +g* (6 +32 )¢ T T, U Ty T
+g*Ti{(3 ~3e)UT? —3e U"T,U"T, ] +3U U U

+ 336 U U it (D2 @)1 = 8 U U i (T2 )i +3(1 =26 )U U iU i

1 .l e
—(3+3e)g P Tr(U"T,Ty)]+ o Jddx Ti{C(D*PH®)ing]  (4.38)
™ E

after using (A2.13) and the identity
[ e B, e ™= [ 45 (DHE awae ™= [ ' HE (D0 (4.39)

With the help of the relation, proved in I,
(AHa)ging = (167%¢) a5, (4.40)

we can remove the non-local terms in (4.38), replacing the numerical coefficients of
(F,,C’F,,) and Tr(CP?) by ¥e and (—11 + %¥¢) respectively. The pole terms in (4.38)
can now be cancelled by taking in S?[A, ¢]

1 4
(Z3)ap == i 6 2[35‘(c Jab = HRC)ap =2 TH(TT,T))), (4.41a)
4
zP = (‘1'6‘“7_2{(2°+2€)T2T2 +(22-86)Cop T T, — (1 - B£)R W T T}
1 1 1

~ e 125 (4.41b)
where

Si = UlkimU jkims (4.42)

V) =(167e) "[3g*(-11+4e) U (T*T?¢), +g* G- 1) Cas U (Tu T );
~Feg® Tt PPy + g* Tr{[(-11 + 3% )C + 3 —5%¢)R]PY
+38%e " T?U' T ¢ —g*UU (T @)k + 158 (1 —3¢)Puse " T To T2
+g*(6+38)@ TuT U Ty Tag +3U jU Uk
+8" T3 —3e)U"T* -3eU'TuU" T, 1+3(1 ~3e) U U LU
—(3+3€)g"Pay TH(U'TLT,)]. (4.43)
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This result is exactly in accord with that obtained by van Damme (1982) since
there the results were given for V' (¢) and V2’ (¢) where

Vule)=V(Z,; o). (4.44)

With minimal subtraction V,(¢), and also Z4, are independent of the gauge-fixing
procedure. Thus vy, ve z0 7z 2 define a gauge-invariant set of counterterms.
As shown by van Damme (1982), the results agree with conventional calculations in
some special cases.
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Appendix 1.

We collect here some results which are necessary to determine the residues of the
poles arising from products of the Green functions ¢° and G*. The reader is referred
to I for a fuller exposition of the heat kernel methods used to derive them.

In general, given an elliptic differential operator on fiat space, of the form (3.3),
its Green function G4 has a short distance expansion

Galx, y) =Golx —y)as(x,y)+Ri(x —y)at (x, y)+ Ralx —y)a3 (x, y)+ Halx, y)
(Al1.1)

where the singular functions Go, R1, R, are specified in I (with 4 = 1) and H,(x, y)
contains no poles in ¢ and is regular for x ~y, even when two derivatives act on it.
a, at and a5 are analytic functions of x and y obtained in the asymptotic expansion
of the heat kernel.

After using appendix A in I to evaluate the poles in products of the functions G,
R, and R,, the residues of these poles involve coincidence limits as y » x of as, a?
and a$ for the operators Ag and 2*9%. From the well known recurrence relations for
the coefficients a5, we find for A given by (3.3)

Aoy, = 1 (Al.2a)
Al =Y, (A1.26)
2a2,,, =c*-32%Y, (Al.2¢)
(D,.a 1 )ding =$2.G,., —392..Y, (A1.2d)

with
2.Y=9,Y+[X,, Y]

and ¢ as given in (3.4b).
Moreover, it then follows from I in conjunction with (A1.25b, d) that

Gy, = —(1/167%)(2/e)Y + Ha,,,, (Al.3a)
(D,.Ga)dig=(167°6) ' 32,G,., — D, Y} + (D Ha)diag- (A1.3b)
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The particular results we need are obtained by substituting in (A1.2) and (A1.3)
the values of X£, Y* and X%, Y* given in (3.5) and (3.6).

Appendix 2.

The gauge invariance of U (¢) can be used to derive some useful results. We have

Ule)=U(Gep), G =expw®. (A2.1)
By extracting coefficients of w, w?, w* from (A2.1), we obtain

Ui(Tae): =0, (A2.2)

¢ TU" T =3U  ({To, To}e)s (A2.3)

Uf;"t'cz(TdP)i(Ta(P )i(Tb<P)k(Tb¢)1
+AU 5 (Tag)i(To@)j (TuTo@ )i + 2U i (Tog )i Ta )i (T 20 )i
~4¢ " TU"T.T* ¢ —Cas@ "TuU"Tog +3Cas U (TaTo0);
+20 T, T, U'T,Tao +¢ " T?U'T?0 + U (T*T?p), = 0. (A2.4)

Further important relations are obtained by differentiating the above. By taking
3/0¢r of (A2.2) we have

Uii(Tap); + U (Ta)jx =0 (A2.5)
from which the identity
¢ T.T*U'Tap =U(T’T?¢) (A2.6)

follows on multiplication by (T,T7%¢)..
Differentiating (A2.3) with respect to ¢, we obtain

Ui (Tea@)i(To@); + Ul (Ta)ic (Top); + U (Ta)i (T ik

+3U i ({To, To}o)i +3U (T, Ty D =0 (A2.7)
which yields, in conjunction with (A2.3) and (A2.6),

Ul (Tep)i(Top);(TaTop ) = U (T°T7¢)i = ¢ T.T,U'TyTup ~ (A2.8)
and the consequent simplification of (A2.4)

Ug"lld(Ta‘P)i(Ta(P)i(Tb‘P)k(Tb(P)l +2Uf;"k (Ta<P)i(Ta<P)j(T2¢)k

+UN(T?’T?¢)i+ ¢ T?U"T? =20 T TyU"To Tae = 0. (A2.9)
Taking d/d¢, of (A2.5), we have
Uik (Ta@)j + U (Ta) + U (Ta)y =0 (A2.10)
which yields, on squaring,
UiU 5 (Ta@)i(Tag)i = =2 TH(U T + 2 Te(U" TLU"T,). (A2.11)

Moreover, setting b = a in (A2.8) and differentiating again leads, with the help of
(A2.10), to the identity

et (Ta@)i(Tag); + Ui (T20)i = U”, T*He + 2(TuU" T = 0. (A2.12)
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Differentiating (A2.10) with respect to ¢,, we obtain

ikt (Ta@ ) + Ui (Ta)u + Ul (Ta) i + Uit (Ta)iw = 0. (A2.13)
Now if we define the appropriate covariant derivative 7} acting on U" by
(DU = 0, U b +(ADaU B + (AUt + (ADlU 1y (A2.14)
we obtain on combining with (A2.13)
(BuU " = Ut (Dyep ) (A2.15)
and hence, if U(¢) is quartic,
U@ Ui =(D%)"Se (A2.16)

where S is as defined in (4.42).
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